We present two ways of adjoining a perfect set of mutually random reals to a model V of ZF C. We also investigate the existence of perfect free subsets for projective functions
Introduction
This work is about various aspects of perfect sets of reals the elements of which are independent of each other in a strong sense. As is usual in the area, when talking about the reals, we shall mean the Cantor space 2 ω or the Baire space ω ω rather than the real line R itself.
Recall that a tree T ⊆ 2 <ω is said to be perfect if for all τ ∈ T there is σ ⊇ τ with σˆ 0 ∈ T and σˆ 1 ∈ T . For a perfect tree T we let [T ] := {f ∈ 2 ω ; ∀n ∈ ω (f ↾n ∈ T )} denote the set of its branches. Then [T ] is a perfect set (in the topology of 2 ω ). Conversely, given a perfect set S ⊆ 2 ω there is a perfect tree T ⊆ 2 <ω such that [T ] = S. This allows us to confuse perfect sets and perfect trees in the sequel. -It is well-known that adding one Cohen real c to a model V of ZF C in fact adds a perfect set of mutually generic Cohen reals. This means that in the generic extension V [c], there is a perfect tree T ⊆ 2 <ω such that given n ∈ ω and distinct x 0 , ..., x n ∈ [T ], x n is Cohen-generic over V [x 0 , ..., x n−1 ] (see 1.1 for details). In section 2, we shall describe situations in which a perfect set of mutually generic random reals is adjoined. This notion is defined in an exactly similar fashion, with Here, a real d ∈ ω ω ∩ W is called a dominating real over V , for models V ⊆ W of ZF C, if for all f ∈ ω ω ∩ V , f (n) < d(n) holds for all but finitely many n ∈ ω. -These results
shed new light on old theorems of Mycielski's (see [My 1], [My 2]) who proved that given a sequence of Borel null (meager, respectively) sets B n ⊆ R k(n) ; n ∈ ω , where k(n) ∈ ω, there is a perfect set A ⊆ R such that A k(n) ∩ B n ⊆ {(x 0 , ..., x k(n)−1 ); ∃i = j (x i = x j )} for all n ∈ ω. Clearly, we can get such a set A by taking a generic for the p.o. of Theorem A (of 1.1, respectively) over a countable model of ZF C containing the Borel codes of the B n 's.
To appreciate the other problem we are dealing with, assume we are given a function f : R n → R. A set A ⊆ R is free for f if for all a 0 , ..., a n−1 ∈ A n , we have f ( a 0 , ..., a n−1 ) ∈ {a 0 , ..., a n−1 }∪(R\A). A function f : R m → R is ∆ We shall henceforth write ∆ 
). The above discussion shows that ∆ 1 n (PF S) is weaker than both ∆ 1 n (L) and ∆ 1 n (B). In § 3 we prove that it is consistently strictly weaker for n ≥ 3.
We do not know whether ∀n (∆ 1 n (PF S))+¬∆ 
This coincides with our intuition that it is much easier to construct a "large" free subset for functions f : R m → R in case m = 1 than in case m ≥ 2.
A tree T ⊆ ω <ω is called superperfect if for all σ ∈ T there is τ ⊇ σ such that τˆ n ∈ T for infinitely many n ∈ ω. A set of branches through a superperfect tree shall be called a superperfect set. We conclude our considerations with some results on superperfect trees in section 5. In particular we will see that most of the results on perfects sets cannot be extended to superperfect sets.
Notational Remarks. Most of our notation should follow set-theoretic convention (see e.g. [Je 1]). We just explain a few things which may be less standard.
Whenever we write ∆ 1 n , ... we mean the boldface version. < c denotes complete embedding of Boolean algebras. A p.o. P is σ-linked if there are P n ⊆ P (n ∈ ω) with n P n = P and for all n ∈ ω any two elements of P n are compatible. For random forcing B, Cohen forcing C and Sacks forcing S we refer the reader to [Je 2, chapter I, section 3]. ∀ ∞ n denotes for almost all n, while ∃ ∞ n stands for there are infinitely many n. Given σ ∈ 2 <ω , [σ] := {x ∈ 2 ω ; σ ⊆ x} is the clopen set determined by σ. Given a superperfect tree T ⊆ ω <ω , split(T ) = {σ ∈ T ; ∃ ∞ n (σˆ n ∈ T )} is the set of ω-splitting nodes
(This is a weakening of the notion a perfect tree of mutually Cohen (random, resp.) reals.) § 1. Preliminary facts
We list here a few results which are fundamental for our work. The first two may belong to set-theoretic folklore. However, as we could not find appropriate references, we include proofs. Proof. Let P = {(t, n); t ⊆ 2 <ω is a finite subtree ∧ n ∈ ω ∧ t has height n ∧ all branches of t have length n}, ordered by end-extension; i.e. (t, n) ≤ (s, m) if t ⊇ s and n ≥ m and every branch of t extends a branch of s. P is a countable p.o. and thus forcing equivalent to C. It generically adds a perfect tree T . We have to check that the branches of T are mutually Cohen.
To see this take f 0 , .
. By genericity, a condition (r, k) with (⋆) must lie in the filter G. Thus f 0 , ..., f m / ∈ A, and f 0 , ..., f m is generic for C m+1 ; this entails, however, that any f i is C-generic over the others.
Note that to say that T is perfect tree of mutually Cohen reals over V is absolute for ZF C-models W ⊇ V with T ∈ W . The point is that this is equivalent to saying that for all m the set of sequences of length m of distinct branches of T has empty intersection with every m-dimensional meager set in V . The latter statement is absolute (see [Je 1, section 42]). A similar remark applies to perfect sets of mutually random reals -and also to perfect sets of Cohen (random) reals.
Proof. The equivalence of (i) thru (iii) and the implication (iv) =⇒ (v) are obvious.
Note that to say that G(f ) is Π 1 n is weaker than (i) -(v) in the Lemma (see [Mo, chapter 5] for the construction of a Π 1 1 -graph in L with unpleasant properties). Thus we get the following hierarchy of real functions: . We note that Mycielski's original formulation of these results is somewhat different. However, it is rather easy to prove his version from the present one, and vice-versa.
n -graph has a perfect free subset.
Proof. All four cases are similar. Therefore we restrict ourselves to proving ∆
n ; by assumption G(f ) is measurable; and by Fubini's Theorem G(f ) must be null. Next, given a partition
and all the G A 's, and get a perfect tree T ⊆ ω <ω .
[T ] is easily seen to be a perfect free subset.
A consequence of this is that Π (However, we think that our argument is somewhat shorter and more straightforward.)
Proof of Theorem A.
Using the dominating function d, define the following sequence (in W ):
We also put
, define a system Σ = σ s ; s ∈ 2 <ω ⊆ 2 <ω satisfying |σ s | = d |s|+1 and s ⊆ t =⇒ σ s ⊆ σ t as follows:
...
where s k ; k < 2 n is the lexicographic enumeration of sequences of length n. Let T be the closure of Σ under initial segments; i.e. T = {σ s ↾n; s ∈ 2 <ω ∧ n ∈ ω}. An easy calculation shows that T must be a perfect tree (otherwise construct a null set in W which contains r, a contradiction).
We proceed to show that [T ] is a perfect set of mutually random reals over V . To this end, fix n ∈ ω, and take a null set S ⊆ (2 ω ) n in V . We have to prove that {x =
We start with making some manipulations with S (most of these arguments are due to T. Bartoszyński, see [BJ 1] or [Ba] ).
Claim. We can find a sequence
(This is a standard argument.) Define in V a function f S ∈ ω ω by putting
where ǫ m ∈ R + ; m ∈ ω ∈ V is strictly decreasing and ǫ m · 2 (2m+1)·n ; m ∈ ω is summable. We now get:
Proof. As d eventually dominates f S , we have ∀ ∞ m:
In W , we construct two new null sets S 0 and S 1 . To this end define
Proof. (a) is obvious; for (b) note that for almost all k we have (by 2.3)
and hence
Proof. Note that for almost all k we have
with all branches being distinct; then there is some m ′ ∈ ω such that σ s i ⊆ x i , where all the s i have length m ′ and are pairwise distinct. Letm = max{m ′ , m}. Then we see that ∀k ≥m:
hence x / ∈ S, and the proof of Theorem A is complete.
2.6.
We briefly sketch another way of adjoining a perfect set of mutually random reals. Let us start with fixing some notation. B n denotes the random algebra on (2 ω ) n .
For B ∈ B n (this means that we can think of B as a positive Borel set in (2 ω ) n ) and i < n, we let B i = {x; ∃x 0 , ..., x i−1 , x i+1 , ..., x n−1 ((x 0 , ..., x i−1 , x, x i+1 , ..., x n−1 ) ∈ B)}, the projection of B on the i-th coordinate. Similarly for Γ ⊆ n with |Γ| = m, we put
.., x n−1 ) ∈ B)}, where Γ(i) denotes the i-th element of Γ for i < m.
Elements of P are of the form p = (k, n, T, {t i ; i < n}, B) such that k, n ∈ ω, T is a finite subtree of 2 <ω of height k + 1 with n final nodes all of which are of length k, enumerated as {t i ; i < n}, and B ∈ B n satisfies B i ⊆ [t i ] for i < n (or, equivalently, (0) , ..., x Γ(n q −1) ) = (x j −1 (0) , ..., x j −1 (n q −1) ) (this means thatj is a homeomorphism of (2 ω ) n q induced by a permutation of the indices).
We leave it to the reader to verify that (P, ≤) is a σ-linked p.o. which adds in a canonical way a perfect set of mutually random reals. It can also be shown that P adjoins a Cohen real (and thus an unbounded real).
We conclude this section with a series of questions. 
Question. Does the existence of a perfect set of mutually random reals over V |= ZF C imply the existence of an unbounded real over V ?
We say a p.o. Q adds a perfect set of mutually non-constructible reals if in the extension
, where G is Q-generic over V |= ZF C, there is a perfect tree T ⊆ 2 <ω such that given n ∈ ω and distinct x 0 , ..., x n ∈ [T ], we have x n / ∈ V [x 0 , ..., x n−1 ]. By 1.1 Cohen forcing adjoins a perfect set of non-constructible reals.
Question. Does adding a random real add a perfect set of mutually nonconstructible reals? § 3. The Cohen real model
Before starting with the proof of Theorem B, we make a few general comments concerning "large" free subsets for functions f : R n → R. First, the restriction to Borel or definable functions is reasonable for it is easy to construct, under CH, a function f : R 2 → R all free subsets of which are at most countable. Next notice that in case m = 1, we can get for Borel functions a free subset which has positive measure -and also one which is non-meager with the Baire property. (To see this, simply look at the sets A α , α ≤ ω, where A ω = {x ∈ R; f (x) = x} and A n = {x ∈ R; |x − f (x)| > 1 n }, all of which are Borel, and note that at least one of these sets must be positive.) However, this fails in case m ≥ 2 already for continuous functions (e.g., for f (x, y) = |x − y| + x). This should motivate somewhat why we are looking for perfect free subsets.
We shall show that the statement claimed to be consistent in Theorem B holds in the model gotten by adding ω 1 Cohen reals to L. We denote by C ω 1 the algebra for adding ω 1 Cohen reals. We start with two well-known lemmata.
3.1. Lemma. Let A be a countably generated complete subalgebra of C ω 1 . Let h : A → C ω 1 be an embedding. Then h can be extended to an automorphism of C ω 1 .
Proof. Find α < ω 1 such that A ≤ c C α and h[A] ≤ c C α . The forcing P from A to C α (P ′ from h[A] to C α ) has a countable dense subset and so is isomorphic to Cohen forcing.
Thus C α can be decomposed as
Hence we can easily extend h to an automorphism of C α , and then of C ω 1 .
Lemma. (Homogeneity) Let
A be a countably generated complete subalgebra of
Proof. This follows from 3.1 in a similar fashion as [Je 1, Lemma 25.14] follows from
Then there is an automorphism π of the algebra A ′ generated by A and a which fixes A and moves a (see [Je 1, Lemma 25.13]). By 3.1 π can be extended to an automorphism of C ω 1 . This is a contradiction.
Proof of Theorem B. Start with
Stepping and we have homogeneity (see 3.2). Now choose x as in (⋆); by homogeneity again, we get
In particular, as 
. The Sacks real model
The model for the statement of Theorem C is gotten by iterating ω 1 times Sacks forcing S with countable support over the constructible universe L.
As before for Cohen and random forcings, we can talk about perfect sets of Sacks reals; more explicitly, given models V ⊂ W of ZF C, T is a perfect tree of Sacks reals in W over V if all x ∈ [T ] in W are S-generic over V . However, we must be more careful with this notion for it is not absolute. To see this first note
Lemma. Sacks forcing adds a perfect set of Sacks reals.
Proof. Sacks [Sa] proved that if x is S-generic over V , then every new real y ∈ V [x]\V is S-generic over V as well. Thus it suffices to show that there is a perfect set of new reals
This is easy to see. Work in 2 ω . Define T ⊆ 2 <ω by σ ∈ T if σ(0) = x(0), σ(1+x(0)) = x(1), ... , σ(n + i<n x(i)) = x(n) (where |σ| ≥ n + 1 + i<n x(i)). T is perfect because
However, if we add a further Sacks real y over the model V [x] of 4.1, then y defines a new branch y ′ of T from which we can reconstruct x, T and y. Thus y ′ is not a minimal degree of constructibility over V , and therefore cannot be Sacks-generic over V .
We proceed to characterize the statement ∆ 
(ii) all ∆ 
Proof. We shall show the implications (i) =⇒ (iii) =⇒ (ii) =⇒ (iv) =⇒ (i).
(i) =⇒ (iii). This is immediate from the Mansfield-Solovay perfect set theorem [Je
n } where d is the usual metric on 2 ω , and let A ω = {x ∈ 2 ω ; f (x) = x}.
A ω and the A n are easily seen to be ∆ 1 2 -sets of reals. By ∆ 1 2 − S-measurability either A ω or n A n must contain a perfect subset. In the first case we are done; in the second case note that already some A n contains a perfect subset P (otherwise use a fusion argument to show that n B n contains a perfect subset where B n = ( m A m )\A n ; however n B n = ∅, a contradiction). If P ′ ⊆ P is perfect with small enough diameter, we have f (x) = x for all x ∈ P ′ ; thus, P ′ is a perfect free subset.
(iv) =⇒ (i). This is the boldface version of Mildenberger's result [Mi, Theorem 1.3] .
It is immediate from Theorem 4.2 ((i) ⇐⇒ (iv)) that ∆ (Miller [M] ).
Let us consider the following three formulae.
Using standard arguments it is easy to see that these formulae are all Σ 1 2 ; furthermore they are mutually exclusive; finally, because the constructibility degrees are well-ordered, for each (x, y) there is i ∈ {1, 2, 3} so the φ i (x, y) holds. This entails that the φ i , i ∈ {1, 2, 3}, are ∆ 1 2 in the iterated Sacks model. We next define f : (ω ω ) 2 → ω ω ; this is done in a recursive way by cases. Let x, y ∈ ω ω .
Take the L[x]-minimal perfect tree T such that:
different from x and y.
Case 2. φ 2 (x, y) ∨ φ 3 (x, y).
To see that f has a Σ 1 2 -graph, let φ(x, y,ȳ, T,T , z,z) be the conjunction of the following formulae:
(ii)ȳ = y n ; n ∈ ω ,z = z n ; n ∈ ω are sequences of reals andT = T n ; n ∈ ω is a sequence of perfect trees;
(iii) for all n ∈ ω we have:
(iv) there is a countable transitive ZF C-model M containing x, y,ȳ, T,T , z,z and satisfying:
and for all perfect trees
φ is easily seen to be Σ 1 2 , and we have f (x, y) = z iff either (φ 1 (x, y) and there areȳ, T,T ,z with φ(x, y,ȳ, T,T , z,z)) or ((φ 2 (x, y) ∨ φ 3 (x, y)) and z = 0).
We have to check that f doesn't have perfect free subsets. Suppose T is a perfect Proof. Given a real f ∈ ω ω , we define the tree T f by:
Next let T be an arbitrary superperfect tree. Let σ ∈ split(T ). Define g
Let g T be any function eventually dominating all g σ T , σ ∈ split(T ). To conclude the argument, it suffices to show that [T f ] ∩ [T ] = ∅ whenever g T does not eventually dominate f , f (i) > |stem(T )| for all i and f is increasing. To this end, we shall recursively construct σ n ∈ split(T ) ∩ T f with σ n ⊂ σ n+1 . σ 0 := stem(T ). To see that σ 0 ∈ T f use the assumption ∀i (f (i) > |stem(T )|). Assume σ n ∈ split(T ) ∩ T f is constructed. As g T eventually dominates g σ n T and f is not bounded by g T , there is m > 0 so that g σ n T (m) < f (m). Going over to a larger m, if necessary, we may assume σ nˆ m ∈ T (this works by definition of g σ n T and because f is increasing). Choose τ ∈ split(T ) so that τ ⊇ σ nˆ m and |τ | = g Proof. Given σ,τ ∈ (ω <ω ) 2 with |σ| = |τ |, we define the tree T σ,τ by:
σ, τ ∈ T σ,τ ⇐⇒ |σ| = |τ | ∧σ ⊆ σ ∧τ ⊆ τ ∧ max i<|σ| {τ (i), σ(i)} ≥ |σ| − |σ|.
Then [T σ,τ ] is nowhere dense (given σ, τ ∈ T σ,τ , σ, τ ˆ(0↾[|σ|, ℓ)) / ∈ T σ,τ , where ℓ > max i<|σ| {τ (i), σ(i)} + |σ|). Let M = σ,τ [T σ,τ ].
Given T ⊆ ω <ω superperfect, let σ 0 = τ 0 = stem(T ). We construct recursively σ n , τ n ∈ split(T ) with σ n ⊂ σ n+1 , τ n ⊂ τ n+1 , |σ n | < |τ n | < |σ n+1 |, and σ 1 ⊆ τ 1 , such that σ n , τ n ↾|σ n | ∈ T σ 0 ,τ 0 and σ n+1 ↾|τ n |, τ n ∈ T σ 0 ,τ 0 . Given σ n and τ n , choose i > |τ n | such that σ nˆ i ∈ T , and let σ n+1 ∈ split(T ) with σ nˆ i ⊆ σ n+1 . Then clearly σ n+1 ↾|τ n |, τ n ∈ T σ 0 ,τ 0 . The construction of τ n+1 is analogous.
Of course, a natural problem to investigate in this context is the existence of superperfect free subsets for Borel functions f : (ω ω ) n → ω ω . We first notice that we can always find such subsets in case n = 1. The point is that -as remarked already at the beginning of § 3 -, given such a function f , there is a non-meager free subset with the property of Baire. However, a non-meager set with the property of Baire is easily seen to contain the branches of a superperfect tree. On the other hand we have the following: Shelah (unpublished) observed that the product of three p.o.'s adding an unbounded real adjoins a Cohen real. This is also a consequence of Veličković's result mentioned above, for the real f (x 0 , x 1 , x 2 ) is Cohen whenever x 0 , x 1 , x 2 are independent unbounded reals and f is Veličković's function.
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